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ON C-DELTA INTEGRALS ON TIME SCALES

GWANG SIK Eun*, Ju HAN YooN** YounGg Kuk Kim***,
AND BYUNG MoOO Kim*#*#*

ABSTRACT. In this paper we introduce the C-delta integral which
generalize the McShane delta integral and investigate some proper-
ties of these integrals.

1. Introduction and preliminaries

The calculus on time scales was introduced for the first time in 1988
by Hilger[5] to unify the theory of difference equations and the theory of
differential equations. It has been extensively studied on various aspects
by several authors [2-4,5]. Surprisingly enough, the McShane integral
has not received attention in the literature of time scales. In 2012, D.
Jhao and X. You [14] introduced the McShane integral on time scales and
some properties of this integral were studied. We introduce the C-delta
integral which generalize the McShane delta integral and investigate
some properties of these integrals.

A time scale T is a nonempty closed subset of real number R with the
subspace topology inherited from the standard topology of R. For ¢t € T
we define the forward jump operator o(t) by o(t) = inf{s >t:s € T}
where inf() = sup{T}, while the backward jump operator p(t) is defined
by p(t) = sup{s < t:s € T} where supl) = inf{T}. If o(t) > ¢, we say
that ¢ is right-scattered, while if p(t) < t, we say that ¢ is left-scattered.
If o(t) = t, we say that t is right-dense, while if p(t) = t, we say that
t is left-dense. The forward graininess function () of ¢t € T is defined
by u(t) = o(t) — t, while the backward graininess function v(t) of t € T
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is defined by v(t) =t — p(t). For a,b € T we denote the closed interval
[a,b)r ={t € T:a<t<b}.

Throughout this paper, all considered intervals will be intervals in
T. A partition D of [a,b]r is a finite collection of interval-point pairs
{(Iti=1, tilr, &)}y, where {a =t < t1 < -+ < tp—1 < t, = b} and
& € la, by for i =1,2,--- ,n. By At; = t; — t;—1 we denote the length
of the ith subinterval in the partition D. 6(§) = (0.(£),0r(&)) is a
A-gauge of [a,b]r provided d1,(¢) > 0 on (a,blt, 0g(§) > 0 on [a,b)r,
dr(a) > 0,0g(b) > 0 and dr(&) > w(&) for all £ € [a,b)r. we say that
D = {([ti—1, tilT, &)}y 18

(1) 0- fine McShane partition of [a, by if [t;—1, ] C [& —0L(&), & +
53(&)]11* and fl S [a, bh‘ for all i = 1,2,--- ) n.

(2) ¢ -fine Henstock partition of [a, b]r if it is a d-fine McShane par-
tition of [a, b]T and satisfying &; € [t;—1, t;]T.

(3) 6- fine C- partition of [a,b]r if is a - fine McShane partition of
[a, b]T and satisfying the condition

. 1
> dist([tio1, tilr, &) < o
i=1
where dist([t;—1, ti]r, &) = inf{|u; — & 2 wi € [tioy, tilT}-
Given a 0 -fine C- partition ( McShane partition ) D = {([ti—1, ti]r,
&)}, we write

S(£,D) = FE&)Iltir, ti)z])
i=1

for integral sums over D, whenever f : [a,b]T — R.

DEFINITION 1.1. [14] A function f : [a,b]r — R is McShane delta
integrable (McShane A-integrable) on [a, b]t if there is a number A such
that for each € > 0 there is a A-gauge, 9, of [a, b]r such that

‘S(f7D>_A’ <€

for each § -fine McShane partition D = {([ti—1, ti|T, &)}, of [a,b]T.

A is called the McShane Delta integral of f on [a,b]r, and we write
b

A= (M) [’ f(t)At.

2. Definitions and basic properties of C-delta integral

DEFINITION 2.1. A function f : [a,b]T — R is C-delta integrable on
[a, b]T if there is a number A such that for each € > 0 there is a A-gauge,
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J, of [a,b]r such that

S(f;D) — Al <e
for each 0 -fine C- partition D = {([ti—1,t]T, &)}y of [a,b]r. A is
called the C- delta integral of f on [a,b|T, and we write A = f; f(t)At.
or A= (0) [ f(t)At.

By the definition of C-delta integral , McShane delta integral and
Henstock delta integral, we get immediately the follwing theorem.

THEOREM 2.2.
(1) If f is McShane delta integrable on |a,b]t, then f is C- delta inte-
grable on |[a, b|t.
(2) If f is C- delta integrable on [a,b]t, then f is Henstock delta inte-
grable on |[a, b|t.

THEOREM 2.3. A function f : [a,blr — R is C-delta integrable on
[a, b7 if and only if for each € > 0 there is a A-gauge, ¢, of [a, by such
that

’S(.ﬁpl) - S(f7D2)’ <€
for any ¢ -fine C- partitions Dy, Dy of [a, b]T.

Proof. Assume that f : [a,bjr — R is C-delta integrable on [a, b]T.
For each € > 0 there is a A-gauge, ¢, of [a, b]T such that

b
5(.2) - [ £t < 5

for each ¢ -fine C- partition D = {([t;—1,ti|T,&)}7; of [a,b]r. If Dy, D2
are ¢ -fine C- partitions of [a, b]r, then

b b
S(f.D1)~S8(f. )| < |S(f.D1) / F(OAL+]S(f, Dy)— / F(HAH < c.

Conversely, assume that for each € > 0 there is a A-gauge, 4, of [a, b|T
such that

’S(fapl)_s(.ﬂDQ)’ <€

for any ¢ -fine C- partitions Dy, Ds of [a,b]y. Assume that {J,} is
decreasing. For each n € N, let D,, be a ¢, -fine C- partition of [a, b]T.
Then {S(f, D,,)} is a Cauchy sequence . Let A = lim,,—,oc S(f, D) and
let € > 0. Choose N such that 3 < £ and |S(f,D,) — A| < & for all
n > N. Let let D be a dy -fine C- partition of [a,b]r. Then
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[S(f,Dn) — Al < |S(f,D) = S(f, D) +[S(f, Dn) — A

it ioeso
NT2 2 2T 7
Hence, f is C-delta integrable on [a, by and A = fabf(t)At. O

We can easily get the following theorems.

THEOREM 2.4. Let f : [a,b]lr — R be a function. Then
(1) If f is C-delta integrable on |[a,b]t, then f is C- delta integrable on
every subinterval [c,d|t of [a, b]T.
(2) If f is C-delta integrable on [a,c]t and [c,blr, then f is C-delta
integrable on [a,b]r and

/abf(t)At _ /:f(t)m + /be(t)At.

THEOREM 2.5. Let f and g be C-delta integrable functions on [a, b]r.
Then
(1) kf is C-delta integrable on [a,blr and ["kf(t)At = k [V f(t)At for
each k € R.
(2) f+g is C-delta integrable on [a, b]r and f;(f(t)+g(t))At = f; f(t)At
+ [P g(t)At.

LEMMA 2.6. (Saks-Henstock) Let f : [a,blr — R be C-Delta inte-
grable on [a,b]y. Then for each € there is a A-gauge, J, of |a,b|r such
that

b
5(.0) - [ st <
for each d-fine C-partition D of [a,bly. Particularly, if D' = {([t;_1,

tilr, &)Y, is an arbitrary d-fine partial C-partition of [a, b]r, we have

S N — A €.
S(£,7) ;/t“f(t) <

Proof. Assume that D' = {([ti—1,ti]T,&)}", is an arbitrary J-fine
partial C-partition of [a, blr. Let [a, blr — U™, [ti—1, ti]T = U;?:l[uj_l, uj]T.

Let n > 0. Since f is C-delta integrable on each [u;_1,u ], there is
A-gauge, 6;, of [u;j—1,u ]t such that

s.0) - [ mar <
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for each §;-fine C— partition D; of [u;_1, uj]r.
Assume that §;(¢) < 6(§) for all £ € [uj—1,u;]p. Let Dy = DU Dy U
-+ U Dg. Then Dy is a é-fine C-partition of [a, bt and we have

b k b
1S(f, Do) / FOAL =S, D)+ S S(f, D) / AL < e

J=1

Consequently, we have

S(f, D)~ Z/tlf (HAt

ti—1
k
— 1S(/, Do) ZSf, /f )at-3"
j=1"u-1
uj
< Ist.on - [ g Atr+2|5f, wonuln) ~ [ 5
Uj—1
< e—l—k-%:e—s—n.
Since n > 0 was arbitrary, we have |S(f,D") — > 7" lfI HAt| <e O

LEMMA 2.7. Let f : [a,bl]r — R be C- delta integrable on [a,b]r.
Given € > 0, let § be A-gauge function on [a,b|T such that |S(f, D) —
fb fAt| < e for each §-fine C-partition D = {([ti—1, |1, &)}, of [a, b]t.
If D = {([ti—1, ts]T, z:) }[=y and {([uj—1,u5]T,y;);1 < j < m} are é-fine
C-partitions of [a,b]r, then

ZZ ’f xl y] ‘,u([ i—1, ]’]I‘ N [Uj_l,u]']']r) < 2e.

i=1 j=1
Proof. The nondegenerate intervals of the collection
{ti—1, tilr N [wj—1,uylr 1 <i <n, 1 < j <m}
form a partition of [a, b]y. Using these intervals, we form two C-partitions
Dy and D of [a,b]r as follows:
if f(zi) > f(y;), then put ([ti—1,t:Jr N [uj—1,us]r,7;) € D1 and
([ti—1, tile N [wj—1, us]T, y5) € Da.

if f(z:) < f(y;), then put ([ti—1,t:]Jr N [uj—1,us]r,y;) € D1 and
([tifl,tihr N [Ujfl,u]]’]l‘,fl:l) € D5. Note that S(f, Dl) - S(f, DQ) =

Do e (@) = fyp)pd[timr, talr N fuj—1, uglr).
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Since Dy and Dy are d-fine C-partition of [a, b]T,
S(f,D1) — S(f,D2)

< 1500 [ oad+1 [ swae- s, o)
< o a a
O
THEOREM 2.8. If f : [a, by — R is C-delta integrable on [a, b|T, then

|f| is C-delta integrable on [a, b]T.

Proof. Let € > 0 and choose a A-gauge, ¢, of [a, b]T such that

b €
—/a At < 2

for each é-fine C-partition D = {([ti—1,ti]T, &)}y of [a,blr. We will
show that | f| satisfies the Cauchy criterion for C- delta integrability. Let
Dy = {[ti-1, til1. &) Yoy and Dy = {([uj—1,ujlr, y;)}jL, be d-fine C-
partitions of [a,b]y. Let D} {([ i—1, bl N [wj—1, ujlr, ) 1 < i <
n,1 <5< m} and D2 = {([ i—1, ]Tﬁ [uj_l,u]‘]qr,yj) 1< <n, 1<
J S m}, then D] and D) are §-fine C-partitions of [a, b]T and

S(Ifl,Dy) = ZZ\ (@) |lp([tim1, talr N [wj—1, uglT)

i=1 j=1

= Z | (@) (L;) = S(If], D1)

S(Ifl.D3) = ZZ| (i) lp([ti—1, tilr N [wj—1, us]T)

]].’L].

= Z (yi)lu([uj—1, ujlr) = S(|f], D2)

Using the previous lemma, we obtain

1S(If1, D) = S(If1, D2) = [S(If1, DY) = S(If], D)
D Gl = 1f o, tile 0 fuj—1, uglr)

i=1 j=1
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< ZZU z;) — [ (y) (L N [wj—1, ujlT)
=1 j=
< 2 g —€
Hence, the function |f| is C-delta integrable on [a, b]T. O

DEFINITION 2.9. Let F': [a,b]T — R and let E be a subset of [a, b]T.
(1) F is said to be AC¢ on E if for each € > 0 there is a constant n > 0
and a A-gauge, J, of [a,b]r such that |> . F([ti—1,t]T)| < € for each
§ -fine C- partition D = {([ti—1,ti|T, &)}y of [a,br and & € E and
Yo i1, tilr| <.
(2) F is said to be ACG¢ on E if F' is continuous on E and E can be
expressed as a countable union of sets on each of which F' in ACe¢.

THEOREM 2.10. If a function f : [a,b]r — R is C-delta integrable on
[a, b]T with primitive F', then F' is ACG¢ on [a,b]r.

Proof. By the definition of the C- delta integral and by the Saks-
Henstock Lemma, F' is continuous on [a, b]T and for each € > 0 there is
a A-gauge, ¢, for [a, b such that

| > [ Ttimrs tilnl) = F([tio, tiln)]| < e
i=1

for each ¢ -fine partial C- partition D = {([t;—1, ti]r, &)}~ of [a,b|T.

Assume that E, = {£ € [a,b]T : n — 1 < |f(§)] < n} for each n € N.
Then we have [a, bl = UE,. To show that F' is AC¢ on each E,, fix
n and take a 0 -fine C- partition Do = {([ i—1,tilT, &) Yy of Ep T and
& € By forall i If Y0 |[tim1, ti]r| < <, then

—TL’

1Y F(tia, )| < !Z ti—1, tilr — f(&)I[ti—1. ti]r[]]
=1
+Z|f Elltim1, talTl|[tim1, tilT|

=1
< € +nz Hti—hti]ﬂ < 2e.
%
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